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The solution of the Stokes problem [l-4] is used to find exact expressions for the coef- 
ficients of the Legendre polynomial expansion of the potential of the Earth’s regularized 
gravitational field with the Clairaut ellipsoid taken as the equipotential surface. 

1, The solution of the Stokes problem with the Clairaut ellipsoid taken as the equi- 

potential surface of the Earth’s gravitational field [4] yields the following expression for 

the potential I/ of this field [l-3] in the Earth-centered orthogonal coordinate system 
OIYZ (the origin 0 of this system coincides with the Earth’s center ; its z-axis is direc- 

ted along the Earth’s axis of rotation): 
I- (x, y, z) = --AP (~2 + y”) - BQz” + CR (1.1) 

Here El 
P = arc tg a’ - i + ap2 , Q = E’ -arc tg e’, R = arc tg E’ (1.2) 

where e’ is the second eccentricity of the ellipsoid which is confocal with the Clairaut 
ellipsoid and passes through the point at which the potential is being determined ; -4, B 
and C are constants. 

The quantity E’ is given by the equation 

e’ = [(a” - b”) / (b‘? + Y)]l” (1.3) 

where a and b are the major and minor semiaxes of the Clairaut ellipsoid and Y is the 
positive root of the equation 

;*+&=i 

The constants A, B and C appearing in formula (1.1) can be determined from the 

relations 
A= 

u”(l +e‘q 

:! [( i + E-‘) arc. tg E - .iE] ’ 
B z “..I 

(1.5) 
I , 

uz (1 + E’) (E - arc, tg E) 

Here F = (a? - &L)“r / b is the second eccentricity of the Clairaut ellipsoid, u is the 
Earth’s angular velocity, and ge is the gravitational acceleration at the equator. 

Relations (1. l)-(1.5) yield an implicit expression for the potential I’ (5, y, z).This 
expression is inconvenient for practical computations, which is why the gravitational 
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field potential is usually expressed [2- 51 as an expansion in Legendre polynomials, 

(1.6) 

where the distance r from the Earth’s center and the latitude cp are the geocentric coor- 
dinates of the point at which the potential is being determined, P, (sin 9) are n th order 

Legendre polynomials, and -4, are the constant coefficients of the expansion. 

Exact solution (1. l)-(1.5) of the Stokes problem is not usually used in determining 
the coefficients A,of expansion (1.6). The standard procedure [l, 41 is to determine 

them directly on the basis of the fact that the surface of the Clairaut ellipsoid is the 

equipotential surface of the gravitational field. This yields approximate expressions for 
the first coefficients A,, in the form of series in the small parameters 

as - ba aa - ba 3 

82 = 7 or es=7 and q = 2 (1.7) 

The first (and probably the second) terms of the expansions are relatively easy to 
obtain 13, 41. This approach also affords the opportunity of constructing recursion rela- 
tions for the successive determination of the expansions of all coefficients A, with an 
arbitrary degree of accuracy. However, the method of obtaining these relations and the 

relations themselves are exceedingly cumbersome, since the problem reduces ultimately 
to the solution of an infinite (triangular) system of linear algebraic equations. 

The first coefficients A, of the expansion of potential (1.6) are determined in [S] on 
the basis of the exact solution of the Stokes problem, but also in the form of expansions 

in powers of small parameters (1.7). 

2, Converting to the spherical (geocentric) coordinates r, cp, h in (1.1) by setting 

x = r cos ‘p cos h, y = r cos 9, sin h, z = r sin cp, we obtain 

V=-_A $ 
0 Yp cosacp + 24 sin2 cp) + CR (2.1) 

Introducing the notation 
t=f, e=l’& (2.2) 

(where e is the first eccentricity of the Clairaut ellipsoid), we obtain from (1.3),(1.4) 
the following equation for determining E’: 

,5’4 sin2 cp _ E’2 (e2t2 - 1) - e2t” = 0 (2.3) 
whence we have 

E’ = 
1 

ftsin cp 
[e2ta - 1 + v(e2tz - I)% + 4eat2 sin2 cp]“’ (2.4) 

From the last equation of (1.2) and Eq. (2.4) we find that 
‘In 

aR e v(ezt2 - I)2 + 4eatzsina cp - e2t2 + 1 

at -1/f? 1 (2.5) -- (eata - l)a + 4e2t2 sin2 cp 

Converting to complex numbers, we can rewrite expression (2. 5) for aR / 8~ as 

1/l--2sini(iet)+ (iet)a+ 

1 
(2.5) 

--- 
1’1 - 2 sin cp (- iel) + (- iet)% 

i= T/_-1 

Since the function (1-2~~ + ~2)~ ‘12 is the generating function of the Legendre poly- 

nomials P, (2$, i. e. since 
(2.7) 
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it follows from (2.6) that 

6R at = f $J p, (sin (p) [(iet)” + (4)” (ieg)“] = e 5 (- 19 (e~)~~p~~ (sin 9) GW 

?I=0 k=o 

This implies that (t = a / r) 

(2.9) 

where C1 (cp) is some function of the lattitude p. 

Next, Eqs. (1.2) and (2.4) with allowance for (2.2) yield 

d(P 
aR 

co9 cp + 24 sina cp) = 2eV at 

Converting back from t to a / r, we infer from (2.10) and (2.8) that 

(2.11) 

where C, (cp) is also some function of the lattitude rp. 

3, Substituting expressions (2.9) and (2.11) into Eqs. (2. l), we obtain the following 
expression for the potential i: 

Since the potential V satisfies the condition 

lim rV = conat, r 400 (5.2) 

it follows that cr (cp) z 0, Cz (cp) z 0 in (3.1). This in turn yields the following expres- 
sion for the Earth’s gravitational potential: 

(3.3) 

Relations (1.5) and the last equation of (1.7) give us the following values of the con- 
stants A and C: 

A= 
ReP ii + e2) 

2[(S + e”) arc tg E--3e] 

Thus, 
* 

(1 + e2) (s - arc tg a) 
c-q 

+ (3 + e2) arc tg e - 3a 

(3.4). 

V = 5 A,, (-f-r’+’ P2k (sin tp) (3.5) 

where k& - 

k zkti A2k = f- I) e 
i 

2Ae2 c -- - 
2k+3+2k+1 > (3.6) 

and where the constants A and C are given by Eqs. (3.4). 
Substituting the values of A and C into formula (3.4) and taking account of the 

second equation of (2.2), we finally obtain 

,t?ene~k f---1 lk 
A,, = (1 + sz)‘/* (M*l) 2k t_ 1 

(2k + 1) (arc tg E -e) + es 

’ + 2q (2k + 3) [(3 + ~2) arc tg e -Se] (3.7) 
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As an alternative to (3.5) we can also write the expression for the potential in the form 

Then 

Jo -f 
:‘ea 2q 3(arctg~--)+a3 \ 

(I + 8%) “2 ’ +% (3+eZ)arc tge-3e j 

(-- i)W 

J,, = (2k + 1) (1 _tEZ)“‘ x 

(3.8) 

(3.9) 

” 
4 kE3q ‘i 

1 - (2k+3) [3(3 + e? + 29) arctg E - YE - tieq + %~~q]j 

Clearly, expansion of formulas (3.9) in powers of E? and q yields the following approx- 
imate expressions for the coefficients Jnh: 

J, = g, (1 - l/& $- 3irq + Vse4 - 15/:g~c + 9”3/2m4q...) 
J2 = ---l/a&‘? + v3q i- 1/3e4 - l/zl&yq -- I,,? - ‘/& + 3/g? + %4,&4Q... (3.10) 

J, = e”(1/5~” - V7q - “Jje” + =17q” + “6/4.&q,..) 

J,j = &4 (‘/glq - ‘/TE’...) 

The first terms of the resulting expansions of J,, J,, J, coincide with those appearing 

in [4, 61. 
setting [l, 4, 7, 81 u = 7.29212*10-” set-L and g, = 978.049 cm/se?, we obtain the 

following numerical values of these coefficients for the parameters of the Krasovskii 

ellipsoid (a = 6738245 m, eZ = 0.00~6934~2) : 

J, /a = 979.846 M, J, = -1082.24~10-8, J, = 2.4-iO-6, J6 = - 6.3.10eg; 

The corresponding values for the parameters of the Clark ellipsoid (a = 6378206 m, 
ez = 0,006768~7) are 

Jo i a := 979.809 nt, J,= - 11U7,19~10”, J, -= 2.5.1O-“i, Js = - 6.3*10-‘. 
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